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Abstract
The extended commutation relations for a generalized uncertainty principle have been based on
the assumption of the minimal length in position. Instead of this assumption, we start with a
constrained Hamiltonian system described by the conventional Poisson algebra and then impose
appropriate second class constraints to this system. Consequently, we can show that the consistent
Dirac brackets for this system are nothing but the extended commutation relations describing the
generalized uncertainty principle.
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The realization of quantum gravity is one of the major subjects in high energy physics,
however, there has been difficulties to obtain a renormalizable Einstein’s gravity in spite
of intensive studies to construct a renormalizable theory of gravity. All divergences from
quantum corrections can be controlled by a cutoff so that a minimal length has been naturally
introduced in string theory [1–3]. In the context of quantum mechanics, this minimal length
can be obtained systemically from a generalized uncertainty principle (GUP) [4–8] which
is a modification of the Heisenberg’s uncertainty principle. In one dimensional space, the
simplest GUP with a minimal length is given by ∆x∆p ≥ (~/2) [1 + β(∆p)2], where ∆x and
∆p are uncertainties for positon and momentum, respectively, and β is a positive constant
which is independent of ∆x and ∆p. It can be easily shown that GUP has the minimal
length ∆xmin = ~
√
β. A commutation relation leading to GUP can be written as [x, p]GUP =
i~(1 + βp2), where x and p are the positon and the momentum operators, respectively.
On the other hand, any Hamiltonian system on the GUP can be treated as the perturbed
canonical Hamiltonian system [9–14]. This GUP-corrected term of the Hamiltonian gives
quantum gravity corrections to various quantum phenomena. It has been also studied that
the noncommutative algebra can be generated from the Poisson brackets of the Lorentz-
covariant observables in some models [15]. Recently, the covariant form of the GUP algebra
proposed in Ref. [16], which is different from the above GUP algebra, has been interpreted
as the Dirac bracket derived from a constrained symplectic structure [17].
On general grounds, in D-dimensional space the one-dimensional commutation relation
can be extended to the tensorial form [xi, pj]GUP = i~[(1 + βp
2)δij + β
′pipj] [5, 6, 8], where
i, j = 1, · · · , D. If the momentum operator is assumed to commute with each other,
[pi, pj]GUP = 0, then the Jacobi identity determines the commutation relations among the
coordinates as [xi, xj ]GUP = i~[(2β − β ′ + (2β + β ′)βp2)/(1 + βp2)](pixj − pjxi). These
commutation relations can be rewritten in terms of Poisson brackets for simplicity,
{xi, xj}GUP = 2β − β
′ + (2β + β ′)βp2
1 + βp2
(pixj − pjxi). (1)
{xi, pj}GUP = (1 + βp2)δij + β ′pipj, (2)
{pi, pj}GUP = 0, (3)
which can be reduced to the conventional Poisson brackets when β = β ′ = 0. It means that
the conventional Poisson brackets can be deformed by something, which eventually yields
the GUP brackets. In other words, one can regard the GUP brackets as the Dirac brackets
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[18] which are responsible for the second class constraint system.
In this paper, we would like to derive the above GUP brackets (commutators) in terms
of the Dirac method, which is the motivation of the present work. For this purpose, we
will consider additional degrees of freedom of x˜i and p˜i where the total number of degrees
of freedom is tentatively doubled in phase space, and then impose special second class
constraints Ω
(1)
i = Ω
(1)
i (xi, pi, x˜i, p˜i) ≈ 0 and Ω(2)i = Ω(2)i (xi, pi, x˜i, p˜i) ≈ 0 in order to remove
the additional degrees of freedom in a nontrivial way. Eventually, it remarkably gives the
expression (1)–(3) of GUP brackets in the reduced phase space with the original variables.
Consequently, we shall find that the number of degrees of freedom is unchanged and the
equations of motion are the same with those of GUP.
Let us assume a canonical Hamiltonian system which is described by
Hc =
p2
2m
+ V (x), (4)
without loss of generality. Then, we consider an extended phase space which consists of old
variables (xi, pi) and new variables (x˜i, p˜i). In this enlarged phase space, the variables should
be constrained, and one can specify some special surfaces to yield the nontrivial brackets. It
is based on the standard lore of Dirac method which tells us that the conventional Poisson
brackets can be modified by the second class constraints. We hope that the modified brackets
turns out to be GUP brackets. Now, the essential point is how to figure out the second class
constraints. By trial and error, we make an ansatz for the second class constraints which
can be written in the form of
Ω
(1)
i = x˜i + βp
2(xi + x˜i) + β
′pi p · (x+ x˜) ≈ 0, (5)
Ω
(2)
i = pi − p˜i ≈ 0. (6)
Then, the primary Hamiltonian implemented by the second class constraints is given by
Hp =
p2
2m
+ V (x) +
2∑
a=1
u
(a)
i Ω
(a)
i (x, p, x˜, p˜), (7)
where V (x) and u
(a)
i are the potential energy and the multipliers. Note that the additional
variables does not appears in the part of the kinetic energy since it should be nondynamical
so that they are embedded in the potential. The constraints (5) and (6) form a second
class constraint algebra since their Poisson brackets C
(ab)
ij ≡ {Ω(a)i ,Ω(b)j } are given by C(11)ij =
3
(2β + β ′)βp2γij, C
(12)
ij = −C(21)ij = −δij , and C(22)ij = 0, where γij ≡ pi(xj + x˜j)− pj(xi + x˜i).
Using the constraint (5), one can obtain the relation γij = [1/(1 + βp
2)](pixj − pjxi). The
Dirac bracket is defined by {A,B}D = {A,B}−
∑
a,b{A,Ω(a)i }(C−1)(ab)ij {Ω(b)j , B}, where {, }
is the conventional Poisson bracket. Then, the Dirac brackets between xi and pi are obtained
as
{xi, xj}D = 2β − β
′ + (2β + β ′)βp2
1 + βp2
(pixj − pjxi), (8)
{xi, pj}D = (1 + βp2)δij + β ′pipj , (9)
{pi, pj}D = 0. (10)
Thus, it can be shown that Eqs. (8), (9), and (10) are equivalent to Eqs. (1), (2), and (3),
respectively. The reduced Hamiltonian can be obtained by strongly imposing the con-
straints (5) and (6) which eliminate x˜i and p˜i in the Hamiltonian, which recover the canonical
Hamiltonian (4). So, the Hamilton’s equations are obtained as
x˙i = {xi, Hc}D
= [1 + (β + β ′)p2]
pi
m
+
2β − β ′ + (2β + β ′)βp2
1 + βp2
(pixj − pjxi) ∂V
∂xj
, (11)
p˙i = {pi, Hc}D
= −[(1 + βp2)δij + β ′pipj ] ∂V
∂xj
, (12)
where the overdot denotes the derivative with respect to time.
In conclusion, we have obtained the GUP brackets (commutators) which are related to the
minimal length from the second class constraint system, and identified the GUP brackets
with the Dirac brackets. It means that the Hamiltonian system described by the GUP
brackets can be interpreted as a gauge fixed version of the first class constraint system. The
similar behaviors can be found in the chiral Schwinger model [19–21] and the Chern-Simons
theory [22–24].
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